Abstract. Inspired by the recent works of S. Rao-S. Yang-X.-D. Yang and L. Meng on the blow-up formulae for de Rham and Morse-Novikov cohomology groups, we give a new simple proof of the blow-up formula for Morse-Novikov cohomology by introducing the relative MorseNovikov cohomology group via sheaf cohomology theory and presenting the explicit isomorphism therein.
In this paper, we combine the relative cohomological method in [11, 12, 13] with the sheaf theory of [7] , to give a new simple proof of the blow-up formula for Morse-Novikov cohomology with an explicit isomorphism.
Main Theorem 1.1. Let X be a complex manifold with dim C X = n, Z ⊆ X a closed complex submanifold of complex codimension r ≥ 2 and i * the pullback of the inclusion i : Z ֒→ X. Suppose that π :X → X is the blow-up of X along Z. Denote by E := π −1 (Z) ∼ = P(N Z/X ) the exceptional divisor of the blow-up. Setĩ * as the pullback of the inclusionĩ : E ֒→X. Then for any 0 ≤ k ≤ 2n, the map
where the definition of φ is given in (3.7).
This blow-up formula was first proved by Meng in [7, Main Theorem 1.3 ]. Meng's explicit isomorphism is
where π| E : E := π −1 (Z) → Z is the projection of the projectivization E ∼ = P(N Z/X ) of the normal bundle N Z/X , and h := c 1 (O E (−1)) ∈ H 2 dR (E) is the first Chern class of the universal line bundle O E (−1). This morphism maps the cohomology group
The explicit morphism φ constructed here is inspired by [12] , and owns an inverse direction to Meng's one. Actually in [8] , Meng points out that these two morphism inverse to each other.
Moreover, the relative de Rham cohomology is isomorphic to the de Rham cohomology with compact support, while it does not hold true for the Morse-Novikov case anymore (see [11, 17] ). So we are not able to apply the relative cohomological method via the compactly supported cohomology directly as [11, 12] .
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Preliminaries

2.1.
The sequence associated to a closed submanifold. Assume that X is a smooth manifold with dimension n and let Z be a k-dimensional closed submanifold of X. In this paper we focus on the space of differential forms
For any closed 1-form θ on X, i * θ is a closed 1-form on Z. It's easy to see that for any α ∈ A • (X), 
The associated cohomology, denoted by H • θ (X, Z), is called the relative Morse-Novikov cohomology of the pair (X, Z).
Proof. By the classical tubular neighborhood theorem [5, Theorem 6 .24], we have an open tubular neighborhood V of Z with a smooth retraction map γ : V → Z such that γ| Z is the identity map of Z as in [5, Proposition 6.25 ]. As usual, we let i : Z ֒→ V be the inclusion. Let ϕ : X → [0, 1] be a smooth cut-off function such that Supp(ϕ) ⊆ V and such that ϕ is constantly equal to 1 on some open set W ⊆ V with Z ⊆ W . For any q-forms α ∈ A q (Z), we define α := γ * (α) ∈ A q (V ) and τ := ϕ α. It is easy to see that τ extends trivially over the remaining part of X, that is τ ∈ A q (X). Therefore we can see i * τ = i * ϕγ * (α) = α.
2.2.
Blow-up. Let X be a complex manifold of complex dimension n. Suppose that i : Z ֒→ X is a closed complex submanifold of complex codimension r ≥ 2. Without loss of generality, we assume that Z is connected; otherwise, we can carry out the blow-up operation along each connected component of Z step by step. Recall that the normal bundle T X|Z /T Z of Z in X, denoted by N Z/X , is a holomorphic vector bundle of rank r. Here T M denotes the holomorphic tangent bundle of the complex manifold M and T M |N is its restriction to the submanifold N of M . The blow-upX of X with center Z is a projective morphism π :X / / X such that
is the exceptional divisor of the blow-up. Then one has the following blow-up diagram
2.3. Morse-Novikov cohomology via sheaf theory. The notations and definitions follow [7] . Suppose that A k X is the sheaf of germs of smooth k-forms, and we call the kernel of d θ :
The weight θ-sheaf R X,θ is a locally constant sheaf of R-modules of rank 1. We have a resolution of soft sheaves of R X,θ ,
where i is the inclusion. Let A • X → I • be an injective resolution of complex (A • X , d θ ) of sheaves in the category of sheaves on X and it induces a morphism
denoted by ρ X,θ . Since A • X is a resolution of soft sheaves of R X,θ , ρ X,θ is an isomorphism. The next lemma plays an important role in our paper. 
Then there is a short exact sequence of complexes of sheaves
We now consider the complexes of sheaves:
For the complex F • of sheaves
we define the cohomology of the complex F • as
Then (2.3) yields a long exact sequence of sheaves
It's easy to see
So the long exact sequence actually turns into
and thus (2.6) implies that
In summary, we have the short exact sequence
and the resolution of R X,Z,θ
We know that A p X,Z is a C ∞ X -module where C ∞ X is the sheaf of germs of C ∞ differentiable functions over X. Since C ∞ X is a fine sheaf, A p X,Z is a fine sheaf too. So one can calculate the cohomology of R X,Z,θ by
Now let us introduce some definitions. For a sheaf F on a topological space X and a section s of F over the open subset U of X, we define the support Supp(s) of s to be
Consider a locally closed subspace W of X. This means that any point of W has an open neighbourhood V in X such that W ∩ V is closed relative to V . The inclusion of W in X is denoted by h : W → X. Definition 2.3. For a sheaf E on W , h ! E denotes the sheaf on X whose sections over an open set U of X is given by Γ(U, h ! E) = {s ∈ Γ(W ∩ U, E) : Supp(s) is closed relative to U}.
Then we turn to the complex manifold X. As usual, set U := X − Z and let j : U → X be the inclusion. A sheaf F on X gives rise to an exact sequence,
According to Lemma 2.2, one has R Z,i * θ = i * R X,θ . The sequences (2.4) and (2.6) yield
Hence, H p (X, R X,Z,θ ) is precisely the relative cohomology H p (X, Z; R X,θ ) defined in the [4, Definition IV. 
Finally, we apply the definition of relative homeomorphism as in [2] , that is a closed map f of pairs (X, A) → (Y, B) such that A = f −1 B and the induced map X − A → Y − B is a homeomorphism. 
is an isomorphism.
where i is the inclusion. Moreover,
We now turn to general differentiable manifolds. Suppose that π : X → X is a surjective proper differentiable mapping of orientable differentiable manifolds of the same dimension. Then one has the ladder
and by duality, there is a push-out π ♭ of the dual ladder
Now consider the diagram
where ̺ and ̺ are the natural injections. In other words, the diagram (3.5) is commutative up to a fixed constant multiple, which would not affect the passage to cohomology later on. According to Lemma 3.5, we obtain the commutative diagram
Now we can prove the injection of π * . If ξ ∈ H k θ (X) such that π * ξ = 0, then π ♭ ̺ * π * ξ = µ̺ * ξ = 0 and since µ = 0 and ̺ * is injective, it follows that ξ = 0. This completes the proof of Proposition 3.2.
3.3.
Explicit isomorphisms between cohomologies. The construction of the morphism φ is inspired by [12] . In view of Proposition 3.4, we get 
